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This paper discusses a new approach to use a specially constructed social relation graph
with high homophily to select a survey respondent group under a limited budget such
that the result of the survey is biased to the minority opinions. This approach has
a wide range of potential applications, e.g. collecting diversified complaints from the
customers while most of them are satisfied, but is hardly investigated. We formulate the
problem of computing such a group as the p-biased-representative selection problem (pBRSP), where p represents the size of the group constraint by the available budget. This
problem has two independent optimization goals and therefore is difficult to deal with.
We introduce two polynomial time algorithms for the problem, where each of which has
an approximation ratio with respect to each of the objectives when the other optimization
objective is substituted with a constraint. Under the substituted constraint, we prove
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that the first algorithm is an O(ln∆)-approximation (which is best possible) algorithm
with respect to the first objective and the second algorithm is a 2-approximation (which
is best possible) with respect to the second objective, where ∆ is the degree of the input
social relation graph.
Keywords: Dominating set, social networks, approximation algorithm, k-core, vertex
connectivity, homophily

1. Introduction
Recently, the value of the information from online resources such as online social
networks are getting more recognized and thus lots of research efforts are made
to maximize its utilization [2,3,4]. Following the trend, online survey is also being
recognized as a critical tool to make a wide range of significant marketing and
political decisions. Due to the reason, a huge amount of investment is being made
for various researches on online survey [5]. There are several motives that promote
online survey [6]. Most of all, it costs much less and produces results much faster
than its counterpart. Meanwhile, how to select a meaningful survey respondent
group has been a tough but important question to deal with to make a traditional
off-line survey method more effective and reliable, and this is still true for online
survey. Here, the definition of “meaningful” can differ based on the purpose of the
survey. In most cases, a survey aims to learn the general opinions from the public of
interest by unbiased sampling, and thus it is significant to elect a group of properly
dispersed respondents from the public using a carefully designed method.
However, in [7], Kim et. al. introduced a new strategy to elect a survey respondent group to perform efficient biased survey and collect abundant and diversified
minority opinions with the assistance from a carefully generated social relation
graph proposed by them. They argued that in opposition to the widely accepted
belief, biased survey could be useful, and discussed an example to support their
claim. In the example, they pointed out that when the majority of the people, who
purchased a new smartphone, are very satisfied, the opinions of unsatisfied users
of the new smartphone, who can be classified as minority opinion holders, could
provide useful information to the new smartphone’s product quality manager, who
is more interested in complaints. Based on this observation, Kim et. al. introduced a
new strategy to select a respondent group more suitable for such survey in the sense
that from which the diversified voices from unsatisfied users (minority opinions) can
be heard more loudly. Most importantly, their strategy only requires the expected
similarity of the opinions between each pair of users on the issue to construct the
biased respondent group. Kim et. al.’s approach is rather localized and consumes
less resources, and thus is more practical in big data environment compared to its
alternative straightforward approach which analyzes the sentiment of each individual on the issue first, and then identifies the minority opinions as this certainly
requires global analysis.
In detail, to achieve the goal, they first compute a new social relation graph
G in which each node represents a member of the society, and there is an edge
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between two nodes only if the opinions of the two people, who are represented by
the nodes, are similar enough on the subject of interest. In the literature, such social
relation graph (which will be also referred as social network graph during the rest
of this paper), in which two nodes are neighboring only if they are sharing close
opinion, is told to have high level of homophily [8]. Once such a graph G = (V, E)
is constructed, the algorithm attempts to compute a smaller size inverse k-core
dominating set D of G, which is a subset of the nodes in V such that all nodes in V
is either in D or neighboring to a node in D (domination property), and the degree
of each node in D in G[D] (the induced graph by D in G) is at most k (inverse
k-core property). Note that the output D is a dominating set of G and thus has
a representation over all of the members in the society. In addition, the enforced
inverse k-core property ensures D represents more minority opinions with greater
diversity. Most of all, in the simulation, the authors have shown that their approach
is in fact effective as the average degree of the nodes in D is much smaller than the
average node degree in the graph.
Meanwhile, online survey is not completely free-of-cost, even though it is usually
much cheaper than the traditional off-line survey approaches. For instance, a recent
study conducted by Singer and Ye shows that a reasonable compensation can certainly improve the response rate of the survey [9]. However, we notice the approach
proposed by Kim et. al. does not provide any explicit way to control the cost of
their approach (the size of the group returned by their algorithm), and this can
be a very critical issue in order to make the approach more practical. Motivated
by this observation, in this paper, we introduce two new approaches to perform
effective biased survey using homophily rich graph under limited budget. The main
contributions of this paper can be summarized as follows:

(a) For the first time in the literature, we discuss the motivation for selecting a
survey respondent group to better capture more diversified minority opinions
under limited budget. We formulate the problem of our interest as a new optimization problem with three independent objectives, which later reduced to
two objectives.
(b) We introduce two polynomial time algorithms to solve the proposed problem
which has two optimization objective goals. The first algorithm has a proven
best-possible approximation ratio of O(ln∆) with respect to the first objective.
The second one has the best possible approximation ratio of 2 with respect to
the second objective.

The rest of this paper is organized as follows. Section 2 discusses some preliminaries.
We introduce the two new approaches for the problem of our interested in Section 3.
Section 4 concludes this paper and presents future works.
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2. Preliminaries
2.1. Notations and Definitions
In this paper, G = (V, E) represents a social relation graph with a node set V =
V (G) and an edge set E = E(G). We assume the relationship between each pair
of members is symmetric, which is certainly true in homophily high social relation
graph, and thus the edges in E are bidirectional. Also, we use n to denote the
number of nodes in V , i.e. n = |V |. For any subset D ⊆ V , G[D] is a subgraph of
G induced by D.
For a pair of nodes u, v ∈ V (G), Hopdist(u, v) is the hop distance between u
and v over the shortest path between them in G. Given a node v in G, deg(v, G) is
the degree of v in G. For any V 0 ⊆ V in G = (V, E), deg(V 0 , G) is max0 deg(v, G).
v∈V

Also, deg(G) is max deg(v, G). dia(G) is the diameter of G, which is the length of
v∈V

the longest shortest path between any pair of nodes in the graph G. For each node
v ∈ V , Nv,V (G) is the set of nodes in V neighboring to v in G. In other words, the
d
nodes in Nv,V (G) are the 1-hop neighbors of v in G. Similarly, Nv,V
(G) is the set of
nodes in V , which are at most d-hops far from v in G. Note that we will use Nv,V (G)
1
and Nv,V
(G) interchangeably. Now, we present some important definitions.
Definition 2.1 (d-hop Dominating Set). Given a graph G, a subset D ⊆ V is a
dominating set (DS) of G if for each node u ∈ V \ D, ∃v ∈ D such that (v, u) ∈ E.
In general, a subset D ⊆ V is a d-hop dominating set (d-DS) of G if for each node
u ∈ V \ D, ∃v ∈ D such that Hopdist(v, u) ≤ d.
Definition 2.2 (Minimum d-hop Dominating Set Problem). In graph theory, the minimum dominating set problem (MDSP) is to find a minimum size DS in
a given G. Also, the goal of the minimum d-hop dominating set problem (MdDSP)
is to find a minimum size d-DS in G.
The MdDSP is known to be NP-hard [14].
Definition 2.3 (Inverse (k, d)-core). Given a graph G, a subset D ⊆ V , and a
positive integer k such that 0 ≤ k ≤ ∆, where ∆ is the degree of G, D is an inverse
k-core in G if for each v ∈ D, |Nv,D (G)| ≤ k. Generally speaking, D is an inverse
d
(k, d)-core in G if for each v ∈ D, |Nv,D
(G)| ≤ k.
Definition 2.4 (Minimum Inverse (k, d)-core Dominating Set Problem).
Given hG, ki, the minimum inverse k-core dominating set problem is to find a minimum size inverse k-core dominating set of G. Similarly, given hG, k, di, the minimum inverse (k, d)-core dominating set problem is to find a minimum size inverse
k-core d-hop dominating set of G.
2.2. Formal Definition of Problem
Generally speaking, in this paper, we are interested in constructing a survey respondent group with size p, which is a positive integer determined by the available
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budget, such that (a) more members with minority opinions are selected (biased
to minority opinions), and (b) the group can well-represent the overall minority
opinions (well-representation of diversified minority opinion). In the following, we
explain the desirable properties of the group to be elected for our purpose and their
implications in terms of graph theory.
Property 1: higher bias to minority opinion holders. Previously, Kim et.
al. [7] introduced a way to construct a homophily high social network graph, in
which there exists an edge between two nodes only if the opinions of the members represented by the two nodes are similar enough. They also found that in a
homophily high social network graph, a node with lower node degree tends to be
a minority opinion holder. This implies that a group with size p possibly includes
more minority opinion holders (and thus the group is more biased) when the average
degree of the selected nodes (or their total node degree) in the given social network
graph is lower. In this paper, we will assume a homophily high social network graph
G as an input of X
our algorithms and thus, prefer to have a node subset V 0 with
size p such that
deg(v, G) becomes as small as possible as an output of our
v∈V 0

algorithm.
Property 2: better representation of minority opinion holders. In a homophily high social network graph G, a pair of nodes are connected in G only if
their expected opinions on the subject of interest are similar enough. In the literature, the minimum size dominating set problem is widely used to select an efficient
representative group. For instance, in [7], Kim et. al. were looking for a minimum
size dominating set of G with certain properties to elect a group of survey respondents which can represent the rest. Unfortunately, there are two issues to extend
this approach to the problem of our interest directly. First, depending on the input
graph G, a dominating set (or 1-hop dominating set) with the enforced size constraint p may not exist. Second, we may ignore the majority opinion holders in the
process of selecting the representatives for minority opinion holders in contrast to
the fact that a dominating set implicitly does not ignore them.
One way to address the first concern is to relax the 1-hop domination constraint
and allow a representative of a node to be multiple hops far from the node. In this
way, the size of the dominating set can be reduced. However, as the hop distance
between two nodes in G generally implies the degree of difference on the opinions
between them, and thus as the hop distance grows, the effect of the representation
becomes smaller. Consequently, it would be more desirable to find a subset of nodes,
V 0 from V with size p such that the maximum hop distance from a minority opinion
holder to its nearest node in V 0 becomes minimized. To address the second concern,
the concept of nodes with “minority opinion holders” should be more clearly defined.
Based on [7], a node with lower degree has a better chance to be a minority opinion
holder. Therefore, we may attempt to identify those minority opinion holders by
computing the degree of each node in G (by following Property 1) and consider those
nodes with smaller node degree as minority opinion holders, where the concept of
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“smaller” is dependent on the context and can be specified by the survey organizer.
Property 3: greater diversification of minority opinion holders. In practice,
there can be a number of different minority opinions, and thus minority opinions
are quite diversified. Therefore, it is important to construct a size p representative
group in a way that more diversified minority opinions can be collected. Clearly,
if we select two neighboring nodes in G as representatives from the homophily
high graph G, they are likely to have similar opinions even though they are well
representing the minority opinions. That is, as the representatives in G are getting
closer (i.e. pair-wise closer in terms of hop distance), the degree of the diversity of
their opinions would be smaller. From this observation, we may conclude that the
diversity of the opinions of V 0 would be maximized by maximizing
X
Hopdist(u, v).
u,v∈V 0

At a glance, Properties 1, 2, and 3 seems independent. Clearly, it is really challenging to design an algorithm which works well with respect to the three independent optimization goals. Fortunately, we have the following remark and merge
Property 2 and Property 3.
Remark 2.5. We argue that Property 3 is already included in Property 2. For
instance, given a connected graph G with one huge complete subgraph (majority
opinion holders) and two non-adjacent smaller size complete subgraphs (minorities),
if we select two representatives from the same smaller size complete subgraph, the
total hop distance discussed in Property 2 will be greater compared to the case in
which one representative is selected from each smaller size complete subgraph.
Thanks to the remark, we will later focus on only Property 1 and Property 2 to
formally define the optimization problem of our interest.
Definition 2.6 (p-BRSP). Given a homophily high social network graph G =
(V, E), a subset S ⊂ V , which is the group of nodes in V whose node degree is no
greater than a threshold level (and therefore are suspected as nodes representing minority opinion holders), a positive integer p ≤ |V | = n, the p-biased-representative
selection problem (p-BRSP) is to find a subset V 0 ⊆ V whose size is p from G such
that
(a) Objective
1: the total node degree of V 0 is minimized, or equivalently
X
deg(v, G) is minimized, and
v∈V 0

(b) Objective 2: the maximum hop distance between a node in S to its nearest
node in V 0 , or equivalently max 0 arg min0 Hopdist(u, v) is minimized.
u∈S\V

v∈V

Meanwhile, the significance of one objective over the other depends on the context. One can use the following evaluation function which is a weighted average of
the quality of a solution with respect to both objectives and therefore provides a
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unified way to evaluate an output of an algorithm over the two objective functions:
P
maxS∈V \V 0 arg minv∈V 0 Hopdist(u, v)
0 deg(v, G)
, (2.1)
α × Pv∈V
+ (1 − α) ×
dia(G)
v∈W deg(v, G)
from some 0 ≤ α ≤ 1, which is determined by the operator of the survey, where
W is the set of the first p nodes in G with largest node degree. As both of the
objectives are for minimization, a quality solution should minimize Eq. (2.1).
3. Two Polynomial Time Algorithms for p-BRSP
In this paper, we introduce two polynomial time algorithms for p-BRSP, where
each of which has an approximation ratio with respect to each of the objectives
when the other optimization objective is substituted with a constraint. Under a
constraint, we prove that the first algorithm is an O(ln∆)-approximation (which is
best possible) algorithm with respect to the first objective and the second algorithm
is a 2-approximation (which is best possible) with respect to the second objective,
where ∆ is the degree of the input social relation graph. Note that one can find a
quality solution by applying one of the algorithm with each of all possible constraints
for the other objective, and by selecting the best one.
3.1. First Approach: Greedy-MI(k, d)CDSA
We first fix the second objective function of p-BRSP, and try to minimize the first
one. We will show a greedy strategy gives an O(ln ∆)-approximation. Formally, we
consider the following optimization problem:
X

min

deg(v, G)

v∈V 0
0

s.t. |V | ≤ p,
0

Hopdist(u, V ) ≤ d, ∀u ∈ S.

(3.1)
(3.2)
(3.3)

If we relax the second constraint, then we obtain the following variant of the
minimum weighted d-hop dominating set problem.
Definition 3.1. (Partial Minimum Weighted d-hop Dominating Set Problem)
Given a graph G = (V, E) with node weight function w(v) = deg(v), ∀v ∈ V and a
positive integer d and a subset S ⊂ V . The minimum weighted d-hop dominating
set problem asks for a subset V 0 ⊂ V with minimum total weight such that every
vertex in S is either in V 0 or at most d hops away from V 0 .
There is a natural greedy algorithm to solve above problem. Let N d (v) denote
the d-hop neighborhood of a vertex v. First let V 0 ← ∅ and T ← S, then at each
d
(v)∩T |
iteration, select a vertex from v ∈ V \ V 0 such that the ratio |Ndeg(v)
is maximized,
0
0
d
and let V ← V ∪ {v}, and T ← T \ (N (v) ∩ S). Then go to next iteration until
T = ∅.
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Theorem 3.2 ([13]). The greedy algorithm is a polynomial time 1 + ln(γ)approximation for the minimum weighted partial set cover problem, where γ is the
maximum number of elements that any set contains.
Theorem 3.3. The greedy algorithm is a polynomial time O(ln ∆)-approximation
for the partial minimum weighted d-hop dominating set problem, where ∆ is the
maximum degree of the input graph G.
Proof. The minimum weighted d-hop dominating set problem can easily be reduced
to the minimum weighted partial set cover problem as follows: Let V be the ground
set. For each v ∈ V , Let Sv = N d (v) and the weight of Sv is w(Sv ) = deg(v).
Then the minimum weighted d-hop dominating set problem is to find a collection
P
of subsets {Sv |v ∈ I} with minimum total weight v∈I w(v) such that the set S
is covered by the ∪v∈I Sv . Note that γ = maxv |N d (v)| = O(∆d ). It follows from
Theorem 3.2 that the approximation ratio of the greedy algorithm for the partial
minimum weighted d-hop dominating set is 1 + ln γ = O(ln ∆).
It should be noted that the result of the greedy algorithm above may not satisfy
|V | ≤ p, if d is not properly chosen (i.e., too small). In this case we enlarge d until
we found a solution V 0 with |V 0 | ≤ p. This is always possible, since if we choose
d = Dia(G), then V 0 = {v} (v is an arbitrary vertex) is always a feasible solution.
0

3.2. Second Approach: Simple-p-RSPA
Now, we propose a simple algorithm for p-BRSP. Before discussing our new strategy,
we first introduce a related problem, namely the p-center problem with degree
constraint (p-CDC), and propose a 2-approximation algorithm for it, where 2 is
the best possible. Then, this algorithm is used to design our second strategy, the
simple-p-RSP algorithm (Simple-p-RSPA).
Definition 3.4 (p-CDC). Given a graph G = (V, E), a positive integer p, a
subset S ⊂ V representing the group of people with minority opinion, and a degree
constraint W , the p-center problem with degree constraint (p-CDC) is to find a
P
subset of nodes D satisfying (a) |D| ≤ p, and (b) v∈D deg(v, G) ≤ W such that
the furthest distance from a node in S to its nearest node in D becomes minimum.
Now, we present a 2-approximation algorithm for the p-CDC problem. Note
that this is best possible unless P = N P as a relaxed version of the p-CDC problem
with very large p, W is exactly same to the p-center problem, which cannot be
approximated no better than the factor of 2 [15].
The main idea of the algorithm and corresponding analysis are motivated by
Hochbaum’s algorithm for the p-center problem [10]. However, p-CDC has an additional degree-sum constraints, and the objective function is also different from
that of p-center (note we try to minimize the maximum hop-distance of a node in S
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(instead of V ) to its nearest center in D). So the method in [10] cannot be applied
directly here.
Let Γ = (V, E 0 ) be a complete weighted graph constructed from G, in which the
edge weight, cost(e) of e = (u, v), is the length of shortest-path between nodes u
and v, and the node weight of v is the degree of v in G for every v ∈ V . Now, we
order the edges
 of Γ in the following way: cost(e1 ) ≤ cost(e2 ) ≤ · · · ≤ cost(em );
where m = n2 is the number of edges in the complete graph Γ.
Let Gi = (V, Ei ) with Ei = {e1 , e2 , · · · ei } = {e | cost(e) ≤ cost(ei )}. Let Hi
be the subgraph of Gi induced by the 1-hop neighbors of S, together with S, i.e.,
Hi = Gi [∪v∈S Nv,V (Gi )∪S]. Let Hi2 be the square of Hi , i.e., Hi2 is a graph obtained
from Hi such that two nodes are adjacent in Hi2 if and only if the hop-distance
between them is no more than two in Hi . The algorithm is as follows:
2
and (G1 [S])2 , (G2 [S])2 , · · · , (Gm [S])2 .
(a) Step 1. Compute H12 , H22 , · · · , Hm
(b) Step 2. For each i = 1, 2, · · · , m, compute a Maximal Independent Set (MIS)
Mi of (Gi [S])2 (which is also an independent set of Hi2 ) as follows: At each
time, choose a node v ∈ S with the lightest node weight, then remove all the
neighbors of v together with v in Hi2 , i.e., Nv,V (Hi2 ), from (Gi [S])2 ; in the
remaining graph, repeat the same process until there is no node left in G2i [S].
(c) Step 3. Choose the smallest index i (say j) such that |Mi | ≤ p and w(Mi ) =
P
v∈Mi deg(v) ≤ W .
(d) Step 4. Output Mj as the centers.

Now, we show the algorithm describe above is a 2-approximation for p-CDC.
Lemma 3.5. Mi dominates S in graph (Gi [S])2 for every i.
Proof. Note Mi is a maximal independent set of (Gi [S])2 , it is also a dominating
set of (Gi [S])2 . Since if there is one node, say v in S, which is not dominated by Mi ,
then Mi ∪ {v} is also an independent set; contradicts the fact that Mi is a maximal
indecent set.
Lemma 3.6. Let Di∗ be a subset of V with minimum size which dominates S in
graph Gi , then |Di∗ | ≥ |Mi |.
Proof. Since Mi is an independent set in Hi2 , the hop distance of any two nodes
u, v ∈ Mi is at least three in Hi . Thus all the stars S(u) = {v ∈ V | (u, v) ∈ E(Hi )}
centered at u ∈ Mi are pairwise disjoint each other. For each star S(u), at least
one vertex has to be selected into Di∗ in order to dominate S. Therefore, we have
|Di∗ | ≥ |Mi |.
Lemma 3.7. Let W Di∗ be a subset of V with minimum total weight which dominates S, then w(W Di∗ ) ≥ w(Mi ).
Proof. The proof is similar to that of Lemma 3.6. Now the key point is that by
the construction of Mi , for each star S(u) (u ∈ Mi ), we have w(u) ≤ w(v) for any

August 15, 2016
era ready - ver2”

10

11:21

WSPC/INSTRUCTION FILE

”DMAA 2016 - cam-

Wang et al.

v ∈ NGi (u) = {v|(u, v) ∈ E(Hi )}. Note S(u) ∩ S(v) = ∅ for u, v ∈ Mi and u 6= v.
Thus, at least one node in each S(u) (u ∈ Mi ) has to be selected into W Di∗ . Note
u is the lightest node in S(u). It follows that w(W Di∗ ) ≥ w(Mi ).
Theorem 3.8. Above algorithm is a 2-approximation for p-CDC.
Proof. Let i∗ be the smallest index such that there exists a subset Di∗ of Gi∗ that
dominates S such that |Di∗ | ≤ p and w(Di∗ ) ≤ W . Then we have OP T = cost(ei∗ ),
where OP T is the optimal value of the p-CDC problem. By our algorithm, for each
i (i = 1, 2, · · · , j − 1), we have either |Mi | > p or w(Mi ) > W . It follows from
Lemma 3.6 and Lemma 3.7 that either |Di∗ | ≥ |Mi | > p or w(W Di∗ ) ≥ w(Mi ) > W .
Thus we have i∗ > i for i = 1, 2, · · · , j − 1, i.e., j ≤ i∗ and cost(ej ) ≤ OP T .
Since Mi is a maximal independent set of (Gi [S])2 , it also a dominating set of
(Gi [S])2 . So in (Gi [S])2 , the stars centered at each u ∈ Mi span all the nodes in
S = V ((Gi [S])2 ). Let v be any node in a star centered at some u ∈ Mi . Then v is at
most two hops away from u in Gi [S]. By triangle inequality, cost(e) ≤ 2cost(ej ) for
any edge e = (u, v) in the star. Note cost(ej ) ≤ OP T . We have cost(e) ≤ 2OP T .
This completes the proof.
Next, we discuss how to use the 2-approximation algorithm for the p-CDC
problem to construct Simple-p-RSPA. There is a major challenge to apply the 2approximation algorithm for the p-CDC problem to our problem of interest, since
we are looking for a subset of nodes with size exactly p. If we enforce this, then the
algorithm may not produce a feasible solution with insufficient W . To address this
concern, it is necessary for us to find a valid W . To this purpose, we may set W to
P
be Wi = v∈Vi deg(vi , G), where Vi is the subset of the first i nodes with largest
node degree, for each i = n, n − 1, · · · , 1 and apply the modified 2-approximation
algorithm for the p-CDC problem. Finally, we choose the one out of all feasible
outputs such that the objective of p-BRSP in Eq. (2.1) is minimized. Note that this
final result still has the approximation factor of 2 with respect to Objective 2.
4. Concluding Remarks
This paper introduces a new application of the information which can be extracted
from online social networks. The main focus of this paper is to use the information
for biased survey so that more amount of minority opinions can be heard. We
formalize the problem of our interest as a new optimization problem with two
separate objectives. Then, we propose two heuristic algorithms for the problem,
each of which has the best possible approximation factor with respect to each of
the objectives. As a future work, we plan to use real data to see if our approach is
in fact effective. We also plan to use apply approach to identify the users with less
satisfaction and compensate them so that the negative reputation of a new product
can be suppressed. We believe this can compensate the existing approaches which
focus on how to compensate users to spread positive reputation [11,12]. The main
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objective of this paper is to provide a theory background of biased survey, and it
would be interesting to see how the proposed algorithm works for various dataset
from different backgrounds, which we leave as a future work of those social scientists
who are interested in adopting our approach.
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